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Hybrid modeling of lead–acid batteries in frequency and time domain
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Abstract

This paper presents an improved impedance-based non-linear simulation model for lead–acid batteries. The parameterization of impedance-
based models is difficult for operation profiles with high Ah throughput in short times. Such conditions result in non-steady-state conditions
and do not allow precise measurements of impedance parameters. Therefore, the model has been extended by an electrolyte transport model
which describes the generation and the transport of sulfuric acid inside the porous electrodes. This expands the model validity as higher
Ah throughputs can be simulated now. A description of the Matlab/Simulink implementation and its parameterization in the time domain is
given. Furthermore, the advantages and the limits of the improved model are discussed. The model allows for precise modeling of automotive
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atteries, both in conventional applications and in vehicles with electrically assisted propulsion. It is therefore an important tool forn
f automotive power nets.
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. Introduction

Dynamical simulation models for electrochemical power
ources are an important prerequisite for the simulation of
ystems like cars with electrically assisted propulsion or con-
entional automotive electrical systems. Fast computing and
mall parameterization effort are favorable. However, batter-
es show several characteristics that make a simple model-
ng with high precision nearly impossible. Batteries are not
tationary, they are highly non-linear, and their dynamical
ehavior depends on different parameters like temperature,
tate-of-charge (SOC) or short term history[6,8].

Electrochemical impedance spectroscopy (EIS) is an ad-
quate tool for the development and the parameterization of
attery simulation models considering these aspects. Small-
ignal excitations and the evaluation of the system’s response
nables accurate investigations at nearly any working point.
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Reasonably good simulation models can be achieved wi
having proper information about the chemical compoun
well as the inner geometrical design of the device. The c
puting time for the simulation is very short compared w
physically or chemically based models.

The purely impedance-based battery model for lead–
batteries[2] consists of elements that are related to phys
chemical processes. These processes are modeled in te
inductances, capacitors and resistors with linear or non-l
dependency on temperature, SOC and/or battery curren
elements have to be parameterized by a systematic eval
of impedance spectra recorded at various operating c
tions. This approach shows very good agreement in parti
for highly dynamical operation of the battery. However,
longer discharge events the model output may deviate s
icantly from the measured battery voltage. This limitatio
inherent to the impedance method, because the measur
frequencies during model parameterization must be ch
to high enough to assume a quasi-stationary state of th
tery during each measurement[2]. Consequently, dynam
processes that govern long-term discharge behavior o
378-7753/$ – see front matter © 2004 Elsevier B.V. All rights reserved.
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battery are not accessible for impedance methods. In partic-
ular, for lead–acid batteries acid concentration gradients as
they develop during non-steady-state operation, are not cov-
ered by the purely impedance-based battery model.

This paper illustrates a hybrid modeling approach, which
combines the impedance-based model and a basic electrolyte
transport model. The former is developed and parameterized
in the frequency domain, the latter in the time domain. The
transport model describes the generation and the transport of
sulfuric acid inside and between the porous electrodes. The
hybrid model yields high precision in predicting the electri-
cal battery performance even if strong variations of the acid
concentration gradients occur. The parameterization and val-
idation of the model has been carried out for a spiral-wound
VRLA/AGM battery and typical operating conditions in a
mild-hybrid vehicle. The same approach can be also em-
ployed for flooded lead–acid batteries.

2. The purely impedance-based simulation model

For a basic modeling approach, the Randles equivalent
circuit can be employed ([8]; Fig. 1, left hand). The equiva-
lent circuit is valid for both battery electrodes with differing
parameters. It consists of an internal resistanceRi , an induc-
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SOC and the battery temperature but also the current rate of
the non-linear resistances. Therefore, different charge and
discharge dc-currents have been superimposed during the
impedance measurements.Fig. 2 shows several impedance
spectra of a VRLA/AGM battery (measured at 70% SOC
and room temperature) with varying bias dc-currents. The
non-linearity of the battery, that is the non-linearity of the
resistancesR1 andR2 is obvious. More detailed informa-
tion about the procedure of the impedance measurements,
the evaluation of the impedance spectra and the modeling of
the non-linearity can be found in[1,2].

For the model extension presented in this paper, the gen-
eralized dc-voltage source, which depends only on the SOC
of the battery, has been replaced by a voltage source using
the actual acid concentrations in both electrodes as the basis.
The acid concentrations are calculated by means of an added
electrolyte transport model.

3. Transport of sulfuric acid in VRLA batteries

An AGM/VRLA battery cell mainly consists of two
porous electrodes with a highly porous separator in between.
The electrolyte of the battery (sulfuric acid) is located inside
the pores of these elements. The transport and the genera-
tion of the electrolyte can be characterized by means of the
f
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anceL, a capacitanceC and a non-linear resistanceR. L is
aused by the metallic connectors between the poles an
lectrodes of the battery. The ohmic resistanceRi is due to the

imited conductance of the contacts, the intercell connect
he grids, the active masses and the electrolyte.Ri depend
n SOC, age and temperature of the battery. The paralle
ection of the capacitanceC and the non-linear resistanceR
epresents the double layer capacity and the charge tra
esistance.

An equivalent circuit for a complete battery cell can be
ained by a series connection of two Randles circuits. A
odifications[2] have been carried out for the impedan
ased lead–acid battery model, namely generalized c

tive elements (CPE: constant phase element[9]), a gener
lized dc-voltage source (considering the OCV poten
0,cell) and a parallel current path for gassing as the m
ide reaction.

For the parameter determination, several impedance
ra of the lead–acid battery have been measured at diff
orking points considering not only the dependencies o

Fig. 1. Equivalent circuit of a battery half-cell (left hand
ollowing differential equation[4]:

(t)
∂c(t)

∂t
= −c(t)

∂ε(t)

∂t
+ ∂

∂x

(
ε(t)exDdiff (c)

∂c(t)

∂x

)

+ GMR + GSR (1)

hereccorresponds to the acid concentration,ε to the poros
ty andDdiff is the diffusion coefficient of sulfuric acid[10]:

diff (c) (cm2/s) = (1.75+ 260c (mol/cm3)) × 105

× exp

(
7.29− 2174 K

T

)
(2)

MR andGSR are sources of acid due to the main cha
nd discharge reaction and the side reaction (main rea
MR”, side reaction: “SR”).c, ε, Ddiff , GMR andGSR are
unctions of the spatial dimensionx. The differential equatio
an be separated into three terms which influence the
cid concentrationc(t):

alent circuit for a complete lead–acid battery cell (right hand).
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Fig. 2. Example of impedance spectra of a 36 V VRLA/AGM battery for
different bias charge and discharge currents (SOC = 70%, 25◦C).

1. Diffusion:[
∂

∂x

(
ε(t)exDdiff

∂c(t)

∂x

)]
(3)

2. Changing of the porosityε:
[
−c(t)

∂ε(t)

∂t

]
(4)

3. Acid generation:

GMR + GSR (5)

The two generation termsGMR andGSR are (witht0+ = 0.72,
transference number):

Positive electrode : GMR = 3 − 2t0+
2F

jMR (6)

Negative electrode : GMR = 2t0+ − 1

2F
jMR (7)

Positive and negative electrode :GSR = 1 − t0+
F

jSR (8)

The porosityεpos/negof the electrodes depends on the locally
transferred amount of charge and, thus, the local state-of-
charge. Assuming that the pores are completely filled with
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in Eq. (10). The separator provides electronic isolation but
ionic conductivity:

ε(t)
∂c(t)

∂t
= ε(t)ex ∂

∂x

(
Ddiff (c)

∂c(t)

∂x

)
(10)

4. The basic electrolyte transport model

Using the differential equation(1) for modeling, a fine
spatial discretization of the battery cell would be necessary.
However, for the sake of computing speed, a simplified spatial
resolution with only three elements (positive/negative elec-
trode, separator) has been chosen. The employed modeling
approach of the battery cell is givenFig. 3(right hand). It is
of relevance to consider the electrodes half width due to the
symmetry of the plate stack. The design of the battery un-
der investigation is schematically illustrated on the left hand
(Optima battery VRLA/AGM).

An adaptation of Eq.(1) is necessary due to the rough
discretization. Therefore, the porosityε and the diffusion co-
efficientDdiff are assumed to be only marginally dependent
onx. Using the product rule, Eq.(1) simplifies to:

∂(c(t)ε(t))

∂t
= ε(t)exDdiff (c)

∂2c(t)

∂x2 + GMR + GSR (11)

A
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ulfuric acid, the change of the electrolyte volume inside
lectrodes can be calculated using Eq.(9). The volume dif

erence per mole of the charged or discharged active ma
Vm amounts to 23.73 cm3/mol at the positive electrode a

o 30.64 cm3/mol at the negative electrode.F corresponds t
he Faradaic constant,jMR to the current density (MR: ma
eaction) andn is according to the valence of the main
ction (n= 2). The maximum porosity of the electrodes
eached when the battery is fully charged:

∂εpos/neg(t)

∂t
= �Vm

nF
jMR (9)

n contrast to the electrodes porosityεpos/neg, the porosity o
he separatorεsepis constant and no chemical or electroch
cal reactions take place. Therefore Eq.(1) reduces as show
n approach to solve this equation can be found in[7]. The
hange of the acid concentration inside the electrodes
umed to be linearly dependent on the difference of the
oncentrations between the positive electrode and the
ator or the negative electrode and the separator, respec
he acid concentration inside the separator is calculate
material balance. The calculated concentrations are

alues for the total elements. The following equations ca
ound wheredpos, dneg anddsepcorrespond to the thickne
f the electrodes and the separator:

pos/neg(t) =

∫ (
εpos/neg(t)exDdiff (cpos/neg)

�c(t)
�x2

+ GMR(pos/neg)+ GSR(pos/neg)

)
dt

εpos/neg(t)
(12)

sep = −
(∫

εpos(t)
exDdiff (cpos)

�c(t)

�x2 dt

)
ε(t)pos

εsep

dpos

dsep

−
(∫

εneg(t)
exDdiff (cneg)

�c(t)

�x2 dt

)
ε(t)neg

εsep

dneg

dsep
(13)

his approach allows high computing speed and can
ly be implemented into the given impedance-based ba

odel. Only the old dc-voltage calculation (‘U0,cell’; Fig. 1,
ight hand) has to be replaced. The new calculation o
c-voltage corresponds to the difference of the negative

he positive potential (Eq.(14)) which can be calculated fro
he simulated acid concentrations inside the respective
rodes using Eqs.(15) and (16). For this calculation, the co
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Fig. 3. Left hand figure—schematic of a VRLA/AGM battery of the spiral-wound type: (1) valves, (2) terminals, (3) spirally wound electrode pack, (4) punched
lead grid, (5) AGM separator, (6) cast-on straps and intercell connectors[5]; right hand figure—simplified model of the battery cell used for the investigations
on electrolyte transport.

centrationsc (mol/cm3) have to be converted into molalities
m (mol/kg) (Eq.(17)) [10]:

U0,cell = φ0,pos− φ0,neg (14)

φ0,pos(V) = 1.628194+ 0.073924 logm+0.033120 log2 m

+ 0.043220 log3 m + 0.021567 log4 m (15)

φ0,neg(V) = −0.2946−0.073595 logm − 0.030531 log2 m

− 0.030552 log3 m − 0.012045 log4 m (16)

m = 1.00322×103c (mol/cm3) + 3.55×104(c (mol/cm3))
2

+ 2.17× 106(c (mol/cm3))
3

+ 2.06× 108(c (mol/cm3))
4

(17)
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i

As an example, the simulated acid molalities (posi-
tive/negative electrode and separator) are illustrated inFig. 4
for a load profile that represents a battery application in a
stop/start (engine idle-off) passenger car with high loads.
Significant gradients between the electrodes and the separa-
tor and the equalization process during rest periods become
apparent. Moreover, the average molality (calculated by the
purely impedance-based battery model, no spatial resolution)
is given which corresponds to the SOC of the battery cell. A
battery with 44 Ah nominal capacity and 70% initial SOC
has been assumed.

5. Time-domain parameterization of the electrolyte
transport model

To solve small deviations between simulated and mea-
sured battery voltage during long relaxation processes, an
effective diffusion coefficientDdiff,eff has been introduced.
This coefficient replacesDdiff in Eqs. (12) and (13)and
has been parameterized by a step-response method. There-
fore, high-current discharge pulses (−100 A for 100 s) have
been applied to the battery at different SOC (20, 40, 70
and 90%). Afterwards, simulations have been carried out by
adapting the coefficientDdiff,eff until a good agreement (sim-
u elax-
a C.
T ttery
m for
c -
a del.
H port
m hort
c

sepa-
r etric
s st
ig. 4. Simulated acid molalities (inside the electrodes and the sepa
or a stop/start load profile in a passenger car with high loads (calcu
y the hybrid model); total molality (mean value, calculated by the pu

mpedance-based battery model) for comparison.
lation/measurement) could be observed during the r
tion periods.Fig. 5documents this procedure at 90% SO
he simulated voltage of the purely impedance-based ba
odel (without an electrolyte transport model) is given

omparison. The necessity to introduceDdiff,eff is most prob
bly due to the rough simplification of the transport mo
owever, the time-domain parameterization of the trans
odel is still simple and convincing results (achieved in s

omputing times) can be presented.
Some geometric parameters of the electrodes and the

ator have to be known (thickness, porosity and the geom
urface (height× width)). Missing information can be at lea
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Fig. 5. High-current discharge pulses (100 A for 100 s, 90% SOC at the
beginning); evaluation of the relaxation of the battery voltage for the deter-
mination ofDdiff,eff .

partly extracted from the already illustrated high-current dis-
charge pulses. The relaxed battery voltages (e.g. at 15, 19 and
22 h) correspond to the homogeneous acid concentration. Ac-
cording to the discharged Ah (2.77 Ah), the total electrolyte
mass and consequently the electrolyte volume can be calcu-
lated. Moreover, the decrease of the battery voltage during
the discharge pulses can be evaluated. Since diffusion is neg-
ligible during this short pulses, the electrolyte volume inside
the electrodes can be also calculated.

6. Simulation results and verification with
measurements

The model parameters including the parameters of the
electrolyte model (see previous section) have been kept fixed
for the following verification profiles. At first, some highly

Fig. 6. High dynamical verification of the battery model (SOC = 70%,
25◦C).

dynamical verification measurements of the battery model
are presented.Fig. 6shows a measured and a simulated volt-
age profile which belong to repeated discharge pulses of−5,
−50,−200 and−500 A with zero current periods in between.
The battery under investigation was a 36 V VRLA/AGM bat-
tery. The discharged throughput amounted to 1.22 Ah which
corresponds to less than 5% of the batter nominal capacity
value (CN = 27.5 Ah). The simulated voltage values show ex-
cellent agreement with the measured voltage profile for this
highly dynamic profile.

Three different high-current discharge pulses with−66,
−100 and−200 A are illustrated inFig. 7. It becomes appar-
ent that not only the relaxation periods after discharging can
be simulated very accurately (relaxation processes are con-
sidered by the new hybrid model) but also the voltage drop
during discharging.

Finally, Fig. 8shows the measured and the simulated bat-
tery voltage for a load profile that represents a battery ap-
plication in a stop/start (engine idle-off) passenger car with
high loads. The battery was an automotive VRLA/AGM type

pulse−6
Fig. 7. Illustration of three different high-current discharging
 s (6,−100 and−200 A) with a long relaxation period afterwards.
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Fig. 8. Measured and simulated voltage responses.

(UN = 12 V, CN = 44 Ah). It can be expected that this pro-
file will cause significant acid concentration gradients within
each electrode pair. Therefore, the purely impedance-based
model and the new hybrid model are compared additionally
in this figure.

The dotted lines in the diagrams illustrate that the validity
of the purely impedance-based simulation model is restricted
to small SOC variations. The hybrid model, which includes
the new transport model (solid gray line), fits the experimental
battery voltage significantly better. Not only the voltage under
load, but also the relaxation of the battery voltage during rest
periods can be simulated more accurately.

7. Discussion

An improvement of an impedance-based non-linear simu-
lation model for lead–acid batteries has been presented. The
model has been extended by an electrolyte transport model,
which describes the generation and the transport of sulfuric
acid inside and between the porous electrodes. The imple-
mentation and its parameterization in the time domain have
been described.

The comparison of the purely impedance-based battery
model and the new hybrid model inFig. 8 documents the

remarkable improvement of the model’s validity range. This
advancement could be reached although the spatial resolution
of the transport model – and thus, numerical efforts – was
restricted to a minimum.
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